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Abstract 
 
In 1992, 2004 and 2007, Stefano Zambelli set cat among the pigeons: Frisch’s “rocking horse 
model is not rocking”! His analysis, published in this journal, was based on an extended 
computational analysis of Frisch’s model. Since then, several authors have taken up this 
conclusion. The aim of this work is to 1) provide a detailed answer to Zambelli’s assertion and 
2) clarify the conception of oscillations in Frisch’s article, which includes several confusions. 
We show that, contrary to Zambelli’s conclusion, Frisch’s rocking horse model does rock. 
Moreover, we explain that Frisch had created a new type of oscillations that didn’t exist in the 
theory of oscillations at his time. Finally, we explain that Ludwig Hamburger was a trigger in 
Frisch’s work. In this perspective, this article provides a short biography of this author that 
corrects some errors we have found in the economic literature. 
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In 1933, Ragnar Frisch (1895-1973) published his article “Propagation problems and impulse 
problems in dynamic economics” (the “PPIP”) in which he proposed a macro-dynamic system 
to model business cycles. This model contributed to Frisch receiving the first “Bank of Sweden 
Prize in Economics in Memory of Alfred Nobel” thirty-six years later. This model and its 
importance in the history of economics have been wildly studied. The PPIP’s model has been 
renamed “Frisch’s ‘rocking horse’ model” by some authors1, a metaphor used by Wicksell and 
mentioned by Frisch (1933b, 198). Since then, this name has been largely used in the literature 
on history of econometrics. In 2007, Stefano Zambelli published in History of Political 
Economy an extended computational analysis of Frisch’s model which led him to claim, among 
other things, that the “rocking horse model is not rocking” (Zambelli 2007, 147). This article 
synthesized two of his previous publications (Zambelli 2004, 1992), in which he had argued 
that “Frisch’s own argument is rather incomplete” (Zambelli 1992, 37). Since then, several 
authors have taken up this conclusion (Louçã 2001; Zambelli 2004; Bjerkholt 2007; Velupillai 
1998; Boumans 2020; Kolsrud and Nymoen 2014; Bjerkholt and Dupont 2010; Dupont-Kieffer 
2012). For instance, referring to Zambelli (2007), Bjerkholt and Dupont (2010, 53, fn. 25) 
explained that “Ironically, Frisch erred in his presentation. The model, which has been studied 
more than any other business cycle model, did not generate cycles”. Even Duque (2009), who 
provided a mathematical and computational analysis of Frisch’s model for challenging 
Zambelli’s analysis, conceded that “Zambelli then, through meticulous calculation, rightly 
pointed out an important flaw in Frisch’s model regarding its oscillatory nature” (2009, 37). 
While Duque claimed that “Zambelli’s assertions that PPIP is overall a non-oscillatory model 
across the board are wrong” (2009, 1), his demonstration suffers from several problems that 
weaken his conclusion and demonstration2. 
In order to show the mathematical originality of Frisch’s PPIP model, Ginoux et al. (2020) 
proposed a completely new mathematical and computational analysis of it. Their analysis could 
reproduce, as accurately as possible, Frisch’s approach, by presenting in detail the mathematical 
demonstrations necessary for the understanding of the PPIP model. Based on their results, the 
current article aims at revisiting Zambelli’s puzzle. Contrary to what Zambelli (2004, 2007, 
1992) claimed, our analysis will demonstrate that the “rocking horse model” is rocking. 
Moreover, we will show that Zambelli (2004, 2007, 1992) conclusion is based on several 
misinterpretations and mistakes. So doing, our demonstration solves Zambelli’s puzzle. But it 
goes beyond this puzzle. Indeed, this paper clarifies the relation between Frisch and Ludwig 
Hamburger as well as Philippe Le Corbeiller during the time we was working on his PPIP 
model. Moreover, we explain that some problems of terminology in Frisch’s article do not allow 
to fully apprehend the originality of his contribution. The most significant is that, for modeling 
the irregularity in business cycles, Frisch (1933b) introduced a new type of oscillations. So 
doing, he opened a new avenue in the theory of oscillations. Specifically, his innovative 
approach was extensively analyzed in the 1930s and was renamed impulse-excited oscillations 
by Andronov and Khaikin (1937) in their chapter “Theory of the clock”, less than four years 
after Frisch published his article, but without referring to Frisch. Then, this terminology has 
been popularized by Minorsky (1947) who published the English translation of Andronov and 
Khaikin’s chapter dedicated to this new kind of oscillations. Moreover, and as far as we know, 
it is only very recently that such oscillations have been investigated in applied mathematics 
(Belley and Guen 2015).  
 
1 See for instance Morgan (1990), Thalberg (1990), Zambelli (2004, 2007, 1992), or Duque (2009). In our opinion, 
the label “rocking horse model” is not appropriated given that Frisch never provided a complete mathematical 
model of the PPIP. 
2 In our opinion, the most troublesome problem is that his analysis, and consequently his results, is based on a 
mixture of Zambelli's analysis and those of Frisch. For instance, his fig. 8, 9, 10, page 30-31 repeats one of 
Zambelli’s interpretations, which will be discussed in our section 2. 
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The paper is organized as follows. Section 1 will explain the structure of Frisch 1933 paper 
in order to clarify how far Frisch went in his resolution of the PPIP model. Section 2 will point 
out some problems of terminology in Frisch’s article that leads the reading difficult and 
confusing and that could have created a possible misinterpretation of his contribution. Then 
section 3 will solve Zambelli’s puzzle by showing that the Rocking horse does rock. Based on 
this analysis, section 4 will reveal why Zambelli’s method is based on several biased 
interpretations of Frisch’s model. More precisely, we show that, in his mathematical and 
computational analysis, Zambelli introduced some elements that don’t exist in Frisch’s model. 
Section 5 will shed some light on the challenges Frisch had to solved with his 1933 paper. In 
this perspective, this section will explain how Frisch created a new type of oscillations for 
modeling the irregularity in business cycles. Finally, the appendix will provide a short 
biography of Ludwig Hamburger that corrects some mistakes we have found in the economic 
literature about his work and his influence. 
 
 
1. Frisch’s goal 
Given that Frisch 1933 paper has been widely analyzed in the literature, this first section will 
briefly remind the issue Frisch aimed at solving with his PPIP model and how he proceeded. 
This section takes advantage of the mathematical analysis of Frisch 1933 article made by 
Ginoux et al. (2020). 
In his paper, Frisch aimed at reproducing business cycles that were observed at his time. 
Frisch reached this goal since he could reproduce the most striking observed facts: “The primary 
cycle of 8.57 years [that] corresponds nearly exactly to the well-known long business cycle” 
and “the secondary cycle [of] 3.50 years, which corresponds nearly exactly to the short business 
cycle” (1933b, 188-189). Although Frisch doesn’t provide the sources of the statistical data he 
referred to, it has been established that Frisch used statistical business cycle data commonly 
known at the end of the nineteenth and the beginning of the twentieth century, in particular 
Wesley Mitchell (1913, 581) Johan Åkerman (1928, 229) and Ludwig Hamburger (1931, 27)3. 
All of these authors observed the same cycle lengths Frisch referred to. 
The statistical data Frisch had access to provided him another crucial information. As 
Mitchell (1913, 581) pointed out, the business cycles were not regular: 
“In view of these diversities, the notion that crises have a regular period of recurrence 
is plainly mistaken. That business cycles do not always consist of a period of unruffled 
prosperity, of a well-defined crisis, and of uninterrupted depression is shown by 
American experience in 1893-1903.” 
Several other authors pointed out the lack of regularity in cycle length, like Clément Juglar 
(1889) or Bernard Chait (1937 [1938])4. Consequently, according to these observations, it was 
illusory to seek for a period of recurrence for business cycles. This was a challenging issue for 
Frisch given the theory of oscillations he decided to follow.  
The latter information played a crucial role in the way Frisch could or couldn’t develop 
his PPIP’s model. In order to fully appreciate the challenge Frisch faced, it is worth mentioning 
that, and as Duque (2009, 48) pointed out, Frisch’s PPIP model is incomplete! In a way, we 
could even say that Frisch’s PPIP doesn’t exist! Indeed, in his 1933 article, Frisch made a 
 
3 For more details, see Morgan (1990, 94). Moreover, Bjerkholt (2007, 457) mentioned that Frisch had also his 
own time series. 
On the relation between Frisch and Hamburger, see our last section. On the relation with Åkerman, see Velupillai 
(1987) and Boianovsky and Trautwein (2007). 
4 Frisch’s empirical results were indeed confirmed by Chait (1937 [1938]) in his impressive doctoral dissertation 
dedicated to a mathematical analysis of business cycles. On Chait’s pioneering work in econometrics, see 
Erreygers and Jolink (2007). 
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tutorial presentation of the way he intended to build his “propagation-impulse model”. In this 
perspective, he developed two mathematical models (let’s call them MODEL 1 and MODEL 
2), which are two intermediary steps to guide the readers to the “propagation-impulse model” 
(let’s call it PPIP MODEL). These two first models allowed Frisch to analyze the propagation 
aspect of business cycles. However, he never provided a complete mathematical formulation 
for his “propagation-impulse model”, neither in 1933 nor afterwards. In fact, Frisch only 
provided the main characteristics of his PPIP MODEL in order to integrate the impulsions; he 
also gave one example of application of his model which boils down to a single diagram entitled 
“cycles maintained by erratic shocks”. The organization of his paper reflects these three main 
steps.  
Firstly, in his third section, Frisch exposed a “completely closed system”, which is a 
“simplified system without oscillations” (MODEL 1). At the economic level, MODEL 1 allows 
him to expose the relations between the macroeconomic variables in a long-term equilibrium 
(i.e. stationary state or steady state). At the mathematical level, MODEL 1 enabled him to 
present the concept of characteristic exponents that were introduced by Henri Poincaré (1992 
[1892, 1893, 1899], 176) and that allowed him to solve the ordinary differential equation of his 
model5. 
His second step consists in providing a mathematical model with damped oscillations 
with delay (MODEL 2). This model is developed in the fourth section of Frisch’s paper. It is 
precisely this model that Zambelli (2004, 2007, 1992) analyzed. At the economic level, this 
model allows Frisch to account for the economic origin of the economic oscillations and the 
delays in the variables. Frisch (1933b, 180-181) investigated the main economic theories of his 
time that could explain these oscillations, and kept Aftalion’s hypothesis of a time-dependency 
in the variables that creates oscillations due to the carry-on-activity. The concept of the carry-
on activity reflects the idea that investments take time to be converted into new capital goods. 
In this perspective, due to this delay, the capital production will impulse oscillations in the 
economy. At the mathematical level, by estimating the parameters of his model from statistical 
economic data, this enabled him, to compute the characteristic coefficients (the damped period 
(α) and the damping exponent (β)) of the business cycles, that is to say, of the “damped sine 
curves” solutions of his model. Thus, Frisch demonstrated that it was mathematically possible 
to find the damped period of the observed economic business cycles. Let’s us remind that the 
MODEL 2 is a system composed of the three following equations. The information in the square 
brackets refers to the equation in Frisch’s article or Zambelli’s articles. 
   (1) [1933b, p. 177 & 182, eq. 2, 3.3, 4] 
Where the variable are y, the annual investment (called “the yearly production of capital 
goods”), x, the annual consumption (called “the yearly production of consumer goods”), and z 
the carry-on activity in capital goods (i.e. the lag “between capital goods ordered and capital 
goods delivered” (Frisch 1931a, 652)). We have six parameters: m is the depreciation of capital, 
µ expresses the size of capital stock that is needed directly and indirectly in order to produce 
one unit of consumption per year, c expresses a tendency to maintain and perhaps expand 
consumption, l expresses the reining-in effect of the encaisse désirée, r expresses consumption 
habits, and s is the nature of existing monetary institutions; and a constant e, which is the 
number of units of time needed between the investment and its maturity. This model creates 
oscillations which are damped by the “encaisse désirée”. 
 
5 While Frisch didn’t refer to Poincaré, it was common (and it is still) to not mention the name of Poincaré because 
the term characteristic exponents is enough for establishing the filiation. 
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Having obtained his model, Frisch calibrated it with a numerical step-by-step solution 
until the values of parameters will fit with the observations. As he mentioned, 
“Anyhow, I believe that the results here obtained, in particular those regarding the length 
of the primary cycle of 8½ years and the secondary cycle of 3½ years, are not entirely 
due to coincidence but have a real significance” (1933b, 191). 
MODEL 2, which is a free damped oscillation model, solves the propagation problem. 
The third step of Frisch’s analysis aims at solving his impulse problem thanks to the 
introduction of an exogenous shocks that maintains oscillations in MODEL 2. Frisch called 
these exogenous shocks “impulsions” and considered them as random. For doing this, he used 
some results of Eugen Slutsky (1927), George Udny Yule (1927), Harold Hotelling (1927), and 
those of Simon Kuznets (1929), while he didn’t refer to the latter in his article. These four 
authors demonstrated that irregular fluctuations may be transformed into cycles. Indeed, 
according to Hotelling, 
“The Cycle. Much attention has been fixed upon the “business cycle.” A rhythmical 
contraction and expansion of the economic system as a whole seem to exist 
independently of seasonal variation and numerous incidental fluctuations, which are 
considered to be superimposed upon the fundamental swing” (1927, 289). 
In the last section of his article, Frisch (1933b, 202) presents exactly the same conception of 
“business cycle”: 
“By a changing harmonic I understand a curve that is moving more or less regularly in 
cycles, the length of the period and also the amplitude being to some extent variable, 
these variations taking place, however, within such limits that it is reasonable to speak 
of an average period and an average amplitude.” 
In fact, Frisch started working on this propagation-impulse model from 1927, when Slutsky 
sent him “his paper on artificially created cycles (Slutsky, 1927) and also made Frisch aware of 
Yule’s related work” (Bjerkholt 2007, 456-7). However, such assertion seems incomplete. In 
September 1929, the Russian economist Simon Kuznets (1901-1985) who awarded the third 
“Bank of Sweden Prize in Economic Sciences in Memory of Alfred Nobel” thirty-two years 
later, explained that: 
“These results were in no way accidental. It is not only “possible” that a summation of 
a random series will yield cycles, but also quite certain that this will be the case. Indeed 
this is the first thesis of a remarkable memoir by Professor Eugen Slutsky, “The 
Summation of Random Causes as the Source of Cyclic Processes,” published in 1927 
in The Problems of Economic Conditions, Moscow, Vol. III, No. 1. In this article 
Professor Slutsky develops in great detail and with a considerable mathematical 
foundation two theses: (a) “That cyclic, i.e. undulatory processes may originate owing 
to a summation of the mutually independent chance causes; and (b) that these chance 
waves may show a certain regularity, being an imitation, in a lesser or greater degree, 
of the strictly periodical fluctuations.”” (Kuznets 1929, 258). 
This article has been published in the same journal (Journal of the American Statistical 
Association) as that of Hoteling quoted by Frisch. So, it seems highly probable that the reading 
of Kuznets’ paper had contribute to convince Frisch of the importance of the works of Slutsky. 
The introduction of these exogenous random shocks in MODEL 2 should have given 
birth to the famous “propagation-impulse model”. However, as we already mentioned, Frisch 
never provided a complete mathematical formulation of it. As Frisch (1933b, 199) mentioned, 
he only gave the main characteristics of the PPIP MODEL, which he intended to design in the 
sections 5 and 6 of his article. He clarified that “For a more detailed mathematical analysis the 
reader is referred to a paper to appear in one of the early numbers of Econometrica” (Frisch 
1933b, 199). Unfortunately such a paper have neved been published. At the economic level, the 
PPIP MODEL should have allowed Frisch to reproduce the observed data (i.e. the irregularities 
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of the business cycles). At the mathematical level, with this model, Frisch opened a new avenue 
in the theory of oscillations (Ginoux and Jovanovic 2020). Moreover, in his sixth section, after 
having exposed the main characteristics of his PPIP MODEL, Frisch tries to match it with 
Schumpeter’s theory of innovation. In this perspective, he provides an analogy of a pendulum 
inspired by his own analysis of Schumpeter’s work. Here again, this analogy emphasizes the 
terrific originality of Frisch 1933 article. Indeed, and as Jovanovic et. al. (2020) pointed out, 
such analogy would have led Frisch to discover Lorenz’s water wheel model almost 40 years 
before him! 
 
2. Some clarifications on the terminology in Frisch’s article 
Reading Frisch’s article is a challenge. Not only for mathematical reasons, but also because the 
terminology used by Frisch for describing his mathematical demonstration is often different 
from the terminology we currently use. Morgan (1990, 89) already pointed out the problem of 
terminology in Frisch’s publications: “Frisch usually presented his work in this field as if it 
were a brand new approach to a problem and invented his own new terminology”. In fact, as 
with any precursor, the terminology he used and introduced was not fixed yet at his time, and 
consequently nowadays it is difficult to read Frisch’s article correctly without replacing some 
of his terms. This short section will clarify four main confusing terms used by Frisch. 
First, Frisch starts his article by claiming that “THE majority of the economic 
oscillations […] seem to be explained most plausibly as free oscillations. In many cases they 
seem to be produced by the fact that certain exterior impulses hit the economic mechanism and 
thereby initiate more or less regular oscillations” (1933b, 171). Although Frisch uses the 
terminology “free oscillations”, the term “free oscillations” is not similar to our current 
meaning. Indeed, by opposition to Frisch’s sentence, “free oscillations” are nowadays only 
associated to “undamped oscillations” or “harmonic oscillations”, and all of them have regular 
oscillations or more precisely periodic oscillations. But it is not the case in Frisch’s article. In 
his second paragraph, Frisch clarified his conception by explaining that some “exterior impulses 
[...] initiate more or less regular oscillations” (1933b, 171). Free oscillations or harmonic 
oscillations or undamped oscillations do have regular oscillations or more exactly periodic 
oscillations. In the second paragraph, Frisch specifies his conception: 
“The most important feature of the free oscillations is that the length of the cycles and 
the tendency towards dampening are determined by the intrinsic structure of the 
swinging system, while the intensity (the amplitude) of the fluctuations is determined 
primarily by the exterior impulse. An important consequence of this is that a more or 
less regular fluctuation may be produced by a cause which operates irregularly. There 
need not be any synchronism between the initiating force or forces and the movement 
of the swinging system. This fact has frequently been overlooked in economic cycle 
analysis.” 
Thus, it is clear that for Frisch (1933), “free oscillations” mean “free damped oscillations”. 
Therefore, “free oscillations” must be understood as “free damped oscillations” in the whole 
article.  
Second, in the last section of his article, Frisch refers to “auto-maintained oscillations” 
when he interprets his PPIP model in line with Schumpeter’s theory of innovations: 
“The idea of erratic shocks represents one very essential aspect of the impulse problem 
in economic cycle analysis, but probably it does not contain the whole explanation. 
There is also present another source of energy operating in a more continuous fashion 
[…]. The nature of this influence may perhaps be best exhibited by interpreting it in the 
light of Schumpeter’s theory of the innovations and their role in the cyclical movement 
of economic life. Schumpeter […] insists in particular on the fact that these new ideas 
accumulate in a more or less continuous fashion, but are put into practical application 
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on a larger scale only during certain phases of the cycle. It is like a force that is released 
during these phases, and this force is the source of energy that maintains the oscillations 
[…]. In mathematical language one could perhaps say that one introduces here the 
idea of an auto-maintained oscillation” (Frisch 1933b, 203, emphases added). 
Frisch illustrates Schumpeter’s idea with a mechanical analogy of a pendulum. He explains that 
“above the pendulum is fixed a receptacle where there is water [which] is fed from a constantly 
running stream” (1933b, 203-4). “The water accumulating in the receptacle above the pendulum 
are the Schumpeterian innovations. To begin with they are kept a certain time without being 
utilized. Some of them will perhaps never be utilized, which is illustrated by the fact that some 
of the atoms in the receptacle will rest there indefinitely. But some others will descend down 
the pipe, which illustrates that these new ideas are utilized in economic life. This utilization 
constitutes the new energy which maintains the oscillations” (1933b, 204). This description is 
very close to the description of the Tantalus vase, introduced by Le Corbeiller for describing 
self-maintained oscillations (Ginoux 2017, 149). Unfortunately, Frisch’s description is not 
complete enough to determine if the analogy refers to a self-maintained oscillation system. Such 
a system has two characteristics: the origin of the oscillations is provided by the system itself; 
the oscillations present a “slow-fast” movement. In his presentation, Frisch doesn’t specify from 
where the “running stream” is coming. This system will be a self-sustained oscillation system 
or a forced oscillation system depending on how the water is fed. Specifically, a self-maintained 
oscillation system supposes that the system doesn’t receive any energy from outside. Therefore, 
for having an auto-maintained oscillation system, the water must be fed by the water that comes 
out of the receptacle and collected at the end of the process; this means that at no time is water 
added to the system. Moreover, in his description, it is not clear if Frisch considers the “slow-
fast” character of the oscillations, which is a major characteristic of an auto-maintained 
oscillation system (Ginoux 2017, 149). Although Frisch’s description is confusing given that 
he refers explicitly to auto-maintained oscillation, his mechanical analogy would have led him 
to discover Lorenz’s water wheel model almost 40 years before him (Jovanovic and Ginoux 
2020)! 
Third, another telling example is the terminology used for describing the duration of the 
business cycles. Frisch (1933b, 171, 174, 186, 189) used several terms: the “length of the cycle”, 
the “length of the period” and also the “period of the cycle”. However, and as we will detail, 
the solutions of his model are obviously “damped sine curves”. Therefore, Frisch used the term 
“period of cycles” instead of “damped period of cycles”. Consequently, we must replace 
Frisch’s terms “length of the cycle”, “length of the period” and “period of the cycle” by the 
expression “damped period” or “conditional period” everywhere in his article. 
Finally, in his paper, Frisch (1933b, 187) calls the characteristic exponents 
“characteristic coefficients”, although his mathematical demonstration leaves no doubt that he 
is using Poincaré’s characteristic exponents. 
Such confusion in the terms used by Frisch may have led authors to misinterpret some 
of Frisch’s results. 
 
3. The ‘Rocking horse’ is rocking 
Knowing the program Frisch followed in his paper and the confusion Frisch’s terminology can 
introduce, we can now analyze Zambelli’s puzzle. As mentioned, Zambelli (2004, 2007, 1992) 
analyzed Frisch’s MODEL 2. According to this author, “the explicit solution [of Frisch’s 
system (1)] may, of course, exhibit monotonic or non cyclical behaviour” (1992, 41). So, such 
cycles do not exist and the “rocking horse model does not rock” (Zambelli 2007, 163; 1992, 
52)6. This section will show that this conclusion is a misinterpretation of Frisch’s paper. 
 
6 See also Zambelli (2004) and Duque (2009). 
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In order to reproduce Frisch’s model, Zambelli proposes to clarify the terminology 
concerning the definition of “cyclical behaviour” and the interpretation of the type of 
oscillations solutions of Frisch’s model (1) [1933b, p. 177 & 182, eq. 2, 3.3, 4]. According to 
Zambelli (1992, 43): 
“For the purposes of the rest of the discussion it is appropriate now to give a ‘definition’ 
of cyclical behaviour. I think that for our purposes it can be agreed that a system shows 
cyclical behaviour when the variables, as functions of time, will ‘bounce’ above and 
below the equilibrium position. It is implicit from this very general definition that non-
monotonic behaviour does not imply a cyclical one.” 
This definition is obviously restrictive. If we agree with it, the inevitable conclusion is that the 
solutions of Frisch’s model do not exhibit any cyclical behaviour. However, there is no 
indication in Frisch’s article that the cyclic movement will oscillate around the equilibrium 
position (i.e. a turning point above the equilibrium follows a turning point below the 
equilibrium). Therefore, this definition doesn’t reflect Frisch’s analysis. It is worth mentioning 
that Zambelli’s definition is perfectly compatible with a free oscillation system without delay, 
and Frisch claimed that “THE majority of the economic oscillations […] seem to be explained 
most plausibly as free oscillations” (1933b, 171). But, as we explained in the previous section, 
Frisch’s terminology must be seen in the context of his time. Zambelli’s definition calls for a 
second comment. Its main interest seems to be compatible with the idealistic representation of 
the dynamic behaviour of prices on a competitive market. However, as any idealistic 
representation, the cyclical behaviour described by Zambelli’s definition rarely exists in the real 
world! It is worth mentioning that Frisch conducts an empirical work. Moreover, Frisch’s model 
is perfectly analogous to the so-called damped pendulum, which presented a cycle. Let’s clarify 
this point. 
Starting from the second Newton’s law, Frisch’s damped pendulum motion is 
represented by the following second-order ordinary differential equation: 
    (2) [1933b, p. 199, eq. 1] 
For a sufficiently small friction, when , the roots of the characteristic equation of (2) 
are complex conjugate and have the values  where  and . 
Therefore, the general solution of Eq. (2) can be written in the form: 
     (3) 
where A and  are constants depending on the initial conditions, i.e.,  and . 
By deriving eq. (3) we can express the velocity of the oscillations in MODEL 2: 
    (4) 
where  is determined by the relations:  
       (5) 
In order to see that Frisch’s MODEL 2 is an oscillation system, we can refer to 
Andronov and Khaikin’s Theory of oscillations, which is considered as the reference in this 
domain. This book was published in Russian in 1937. In their first chapter dedicated to Damped 
oscillatory process), they explain: 
“The functions  as well as the function , are not periodic functions.  
In fact, as is known, we call periodic functions such functions for which a certain 
quantity  can be found such that 
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for any value of the argument t. The minimum value of  is called the period of the 
function . The functions (3) and (4) do not satisfy this definition, since for them 
the condition given is not satisfied for arbitrary values of the argument t. Therefore, we 
cannot, in this case, speak of a period in the strict sense of this word. However, the 
interval of time between two successive passages of the system through the position of 
equilibrium (in the same direction) or between two successive maximum deviations (on 
one and the same side) is constant and equal to . We shall call this interval of 
time “conditional period” of a damped oscillatory process. The dependence of the 
coordinate upon time has the form shown in [Fig. 1]” (1937 [1949], 16).  
They clarified in a footnote: 
“We shall note that all extrema (both maxima and minima) are not found at the mid-
points of the time intervals between corresponding zeros, but are displaced on the left 
by the quantity , where  is determined by [the formulae (5)]”. 
 
Fig. 1. The general solution of Eq. (2), from Andronov et al. (1937 [1949]). 
 
In our opinion, it is precisely the definition Frisch (1933b) used to characterize his 
cycles. However, the following expressions that Frisch (1933b, 190) gives for the solution of 
his system (1) leaves no doubt that he considered his model as that of damped pendulum:  
   (6) [1933b, p. 190, eq. 18] 
A simple comparison between the eq. (3) from Andronov and Khaikin (i.e. damped oscillations) 
and the first equation of the system (6) from Frisch’s model enables to prove this statement 
(they are identical). Of course, the damping prevent from any “cyclical behaviour” as pointed 
out by Zambelli (1992, 2004) and Duque (2009). However, although the damping tends to slow 
down and finally to stop the oscillations, before it stops, the solution of the system oscillates 
with a “conditional period” as highlighted by Andronov and Khaikin (1937 [1949], 16) in the 
citation we reminded. So, Frisch’s dynamic system (1) is a model that “rocks”!  
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In the same vein, we can compare the solution of MODEL 2 provided by Frisch with 
Andronov and Khaikin’s explanation. Frisch (1933b, 192) explains that the primary cycle, 
solution of system (1), is represented by the functions: 
  (7) [1933b, p. 192, eq. 23b] 
In his article, Frisch (1933b, 193) plots ,  and  (see Fig. 2). 
 
Fig. 2. Frisch’s plot of primary cycle , , , from Frisch (1933b, 193). 
 
Here again, the comparison between Fig. 1 from Andronov and Khaikin (i.e. damped 
oscillations) and Fig. 2 from Frisch leaves also no doubt on the fact that Frisch’s primary cycle 
represents a damped oscillation. Moreover, the “conditional period” of this damped oscillation 
system can be graphically determined. On the plot (Fig. 2), one can see that its value is between 
8 and 9 years. It is precisely the observed fact that Frisch aimed to reproduce. 
 As can be seen, a comparison between Frisch’s mathematical model and the damped 
oscillatory process of Andronov and Khaikin leaves no doubt: The ‘Rocking horse’ is rocking. 
Therefore, the definition Zambelli introduced for clarifying Frisch’s terminology, and remined 
at the beginning of the current section, cannot reflect Frisch’s idea and becomes inappropriate. 
 
4. Zambelli’s method reveals biased interpretations of Frisch’s model 
The definition of a “cyclical behaviour” Zambelli (1992, 43) introduced for evaluating Frisch’s 
model is not the only problem in Zambelli’s analysis that led him to conclude that Frisch’s PPIP 
is not rocking. Indeed, Zambelli based his conclusion on four other biased interpretations of 
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Frisch’s contribution; these interpretations led Zambelli to slightly modify Frisch’s model. This 
section will clarify this point by showing why Zambelli’s analysis doesn’t faithfully reproduce 
Frisch’s model. 
Firstly, in his “main critical points and remarks”, Zambelli claims that Frisch 
constructed the argument arbitrary: 
“It should by now be clear that the way in which Frisch constructs the argument, when 
he shows the ‘propagating’ evolution of the primary, secondary and tertiary cycles, is 
rather arbitrary because full information, with respect to the position and the speed of 
the single components as given at point of time to, is assumed” (1992, 38). 
Indeed, according to Zambelli, if Frisch had used the “full information”, his model would not 
produce oscillations: 
“A numerical step-by-step solution of Frischʼs model shows that the system is not at all 
oscillating […]. In “Propagation Problems” Frisch confronts the reader with an example 
in which a sample (trend, primary, secondary, and tertiary) of the infinite number of 
harmonics that make the total solution of a mixed difference differential equation is 
shown to exhibit oscillating evolutions. He does not show the general solution, that 
is, the solution in which all the harmonics are summed up. In summing harmonics it 
is well known that the result of the summation might not be cyclical at all […]. What 
Frisch did was to show the fluctuating behavior of the individual components of the 
general solution, but he did not sum them up. If he had done so, he would have 
discovered that his was not at all a cyclical model but quite the contrary: he would 
have discovered something very similar to a straight line […]. Frisch did not 
construct an oscillating mechanism; indeed, quite the contrary. Hence Frisch did not 
show or prove what he said he did” (Zambelli 2007, 152-3, emphases added)7. 
While Frisch did his calculations for the first cycle only, Zambelli did it for the three cycles 
identified by Frisch and for the general form of the system 1 (i.e. with the hypothesis that c ¹ 
0). Therefore, Zambelli showed the lack of oscillations; he also provided figures for supporting 
his argument. However, he made an equally weighted sum of the coefficients for the three 
cycles, while Frisch made it clear that we should not proceed like this:  
“A given set (18) [eq. (6) above] (for a given j) does not-taken by itself-satisfy the 
dynamic system consisting of (3.3), (2) and (4) [eq. (1) above]. It will do so only if the 
structural constant c = 0. If c ¹ 0 the constant terms a*, b* and c* must be added to (18) 
[eq. (6) above] in order to get a correct solution. If these constant terms are added, we 
get functions that satisfy the dynamic system, and that have the property that any 
linear combination of them (with constant coefficients) satisfy the dynamic system 
provided only that the sum of the coefficients by which they are linearly combined 
is equal to unity” (1933b, 191, emphases added). 
By opposition of Zambelli, Frisch always consider the case of c = 0. But when Zambelli 
generalized Frisch’s model, he didn’t pay attention to the fact that the sum of the coefficients 
must be equal to unity and must not be equally pondered. In other words, by opposition to 
Frisch’s recommendation, Zambelli did not normalized his data. Duque (2009, 30-31) repeated 
Zambelli’s misinterpretation. 
Secondly, Zambelli claims that: 
“The examples developed by Frisch are interesting and when we look upon the different 
components of the solutions, we see that oscillations do take place by construction. But 
do these cycles represent ‘plausible’ histories?” (1992, 32-4)  
Zambelli mentioned that the amplitudes of Frisch’s model are not realistic. This criticism puts 
aside some of the particularities of the modeling methodology followed by Frisch. It is worth 
 
7 See also Zambelli (1992, 38). 
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clarifying that an oscillator has two characteristics: the amplitude and the period (the time to 
make a round trip). Frisch studied the problem from the temporal point of view and not from 
the viewpoint of the amplitude: he aimed at finding the periods observed at his time (section 1). 
Consequently, given that Frisch aims at reproducing the oscillation period of business cycles, 
he was not free to choose the amplitude of the cycle with his model. Precisely, according to 
Frisch,  and . Given that Frisch made parameter estimation, he had no choice 
for the value of the a1. If Frisch had taken a realistic value for a1, then he couldn’t find the 
length of the cycle anymore. Therefore, we cannot expect that his solution will present a realistic 
value for the amplitude of the oscillations.  
Thirdly, Frisch’s system (1) is a “mixed system of differential and difference equations”, 
and therefore it cannot be solved analytically. Consequently, we must find a way to have either 
a system of differential equations only or a system of difference equations only. In order to 
numerically solve this system, Zambelli’s method (2004, 2007, 1992) consists in transforming 
this mixed system into a “recursive system”. In this perspective, Zambelli applied the Euler 
approximating procedure to the two first equations of Frisch’s system (1) and obtained two new 
equations: 
  (8) [1992, p. 42, eq. 14, 15 & 16; 2007, p. 163]8 
Then Zambelli (2004, 23; 1992, 41-2; 2007, 163) claimed that he applied the “first of the 
Newton-Cotes formulas, known as the trapezoidal algorithm (Fröberg 1985, 285)” to Frisch 
definition of carry-on activity in capital good,  [1933b, p. 182, eq. 1]. 
Let’s us remind that the Newton-Cotes formulas formulated by Fröberg is: 
   (9) 
with ,  and where . Then, Zambelli (1992, 42) shows that 
Eq. (8) can be re-written as: 
 (10) [1992, 
p. 42, eq. 14; or 2007, p. 163] 
where  for j belonging to  and  at the boundaries. While Zambelli didn’t 
mention it, it is worth noting that the third equation cannot be solved without the eq. (23b) 
provided by Frisch (1933b, 192). Using eq. (10), Zambelli (1992, 42; 2004, 24) transforms 
Frisch’s system (1) into the following recursive system of equations (which Zambelli called 
SYSTEM 2): 
 
8 Unlike Zambelli (2004, 2007, 1992) and in agreement with Frisch (1933b, 191), we assume that c = 0. Moreover, 
it is worth mentioning that Zambelli (1992) substituted the letter “z” for “y” in the first equation. 
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 (11) [1992, p. 42, eqs. 14, 15 and 16; or 2007, p. 
162, eqs. 1, 2’, 3] 9 
However, and as recalled by Zambelli (1992, 42), two other equations must be added to this set 
of equation to be able to solve it. So, in order to solve his SYSTEM 2, and while he did not 
mention it, Zambelli must have added the following equation provided by Frisch: 
   (14) [1933b, eq 23b, 192] 
in which  and, the equation of the initial condition .  
As Frisch (1933b, 196) explained,  
“In order to show this [i.e. “the way in which the structural relations determine the time 
shape of the solutions”], we take for granted that the time shape of one of the curves – 
for instance, y1 – is known in the interval - 6 < t < 0. That is to say, in this interval we 
simply consider the values of y1 as given by the expression (23b)”.  
This explanation is missing in Zambelli’s articles and without it we do not understand how 
Zambelli solves his SYSTEM 2. Precisely, SYSTEM 2 can be solved either numerically or with 
a step-by-step computation. In his article, Frisch solved his model with these two ways. 
Therefore, in order to compare Zambelli’s results with Frisch’s results, we present below a step-
by-step computation of Zambelli’s SYSTEM 2 with Frisch’s parameters and step size , 
such as provided by Frisch. Here are the results obtain with Zambelli’s system: 
• For t = 0, the third equation of (11) provides:  
• For , the third equation of (11) provides:  
• For , the third equation of (11) provides:  
The results obtained by Frisch (1933b, 192, eq. 23b) (see eq. (7) above) are reproduced in the 
Fig. 3. 
 
Fig. 3. Frisch’s primary cycle computed directly by formula (7), from Frisch (1933b, tab. 3, 
196). 
 
9 Unlike Zambelli (2004, 2007, 1992) and in agreement with Frisch (1933b, 191), we assume that c = 0. 
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We observe some slight differences between the results obtained with Zambelli’s SYSTEM 2 
and those obtained by Frisch. In his article, Zambelli (1992, 38) explains such difference by 
“the numerical approximation algorithm” : 
“In Figures 4.5, 4.6, and 4.7 the continuous line represents the solution achieved by a 
direct computational method, while the dashed line is the evolution of the system when 
we sum the four components considered by Frisch (trend, primary, secondary and 
tertiary cycle). It is obvious that the qualitative behaviour is the same, the difference 
between the two curves is negligible and is due to the numerical approximation 
algorithm.” 
Indeed, such differences can be easily explained by the fact that in his computation of the 
primary cycle, either step-by-step or directly by formula (23b), Frisch (1933b, tab. 3, 196) only 
uses to evaluate  for , the difference between two values of  and 
, i.e., eq. (3) [eq. 4, p. 182] while Zambelli uses the sum of 37 values of , i.e., 
eqs. 15-16 [eqs. 14-16, p. 42]. While Zambelli’s method provides a better approximation than 
that obtained by Frisch, it also explains why the curves of , , , plotted by Zambelli 
(1992, 38-40) in his Figures 5, 6, & 7, slightly differs from the curves he plotted by making the 
sum of Frisch’s primary, secondary and tertiary cycles, i.e. by representing 
,  and 
. 
Fourthy, in his paper, Zambelli (1992, 43) plots in Figs. 4.5-4.7, the “aggregated 
evolution” of variables ,  and  reproduced below in Figs. 4-6 below.  
 
 
Fig. 4. Consumption (x) – aggregated magnitudes, from Zambelli (1992, 38). 
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Fig. 5. Production starting (y) – aggregated magnitudes, from Zambelli (1992, 38). 
 
 
Fig. 6. Carry-on-activity (z) – aggregated magnitudes, from Zambelli (1992, 38). 
 
Based on his idealistic definition of the business cycle, Zambelli claimed that Frisch’s 
demonstration failed because these oscillations do not bounce regularly and alternately above 
and below the equilibrium position (i.e. according to Zambelli, a turning point above the 
equilibrium must follow a turning point below the equilibrium). However, we observe in these 
plots that variables “‘bounce’ above and below the equilibrium position” and are damped, even 
if these bounces are not regular. The same kind of behaviour can be also observed in Frisch’s 
plot of primary cycle , , , from Frisch (1933b, 193) (see Fig. 2 above) as well 
in the plots of the secondary and tertiary cycles plotted by Frisch (1933b, 195). This point 
illustrates that the definition adopted by Zambelli for evaluating Frisch’s paper lets to a biased 
interpretation of the oscillations in Frisch’s model. 
To sum up, in his mathematical and computational analysis, Zambelli introduced some 
elements that don’t exist in Frisch’s model. As we have seen, Zambelli based his criticism of 
the rocking horse model on these additions. 
 
5. Zambelli locks Frisch into a path that is not his own 
( )1x t ( )1y t ( )1z t
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The two previous sections have shown that in order to compute Frisch’s model, Zambelli 
introduced some elements that don’t exist in Frisch’s MODEL 2 or in the PPIP MODEL. In our 
opinion, such introduction could be due to a misinterpretation of Frisch’s goal in his article. 
This section will explain why, in our opinion, Zambelli locks Frisch into a path which is not his 
own. So doing, this section shows the originality of Frisch’s model, which has been missed by 
previous commentators. 
In the beginning of 1930s, we knew only two ways to maintain oscillations in a system: 
1) forced oscillations, which supposed that the exogenous impulses are continuous (implying a 
same periodicity) and with the same amplitude, which aim at compensating the losses of the 
system; 2) self-maintained or self-sustained oscillations, which are created by the system itself 
and which have the same period and the same amplitude whatever the initial conditions. A 
special case of such oscillations are the “relaxation oscillations” introduced by Van der Pol 
(1926, 1925). In fact, Frisch didn’t choose any of these two possibilities. He explored a new 
avenue, and for a good reason: the cycles observed didn’t have the same amplitude neither the 
same periodicity as mentioned in section 1 and so, do depend on initial conditions. Let’s clarify 
his choice. 
Regarding the relaxation oscillations, Frisch had seriously investigated this approach. 
Indeed, it is not by chance that in the sixth section of his paper, Frisch explicitly refers to “auto-
maintained oscillations” when he presents his interpretation of his PPIP model in line with his 
presentation of Schumpeter’s theory of innovations: 
“in mathematical language one could perhaps say that one introduces here the idea of 
an auto-maintained oscillation” (Frisch 1933b, 203). 
This reference to the “auto-maintained oscillations” has never been clearly explained in the 
history of economics.  
Frisch discovered Van Der Pol’s ideas for the first time thanks to Ludwig Hamburger10. 
In May 6th 1930, Frisch contacted Hamburger about his paper, “Een Nieuwe Weg Voor 
Conjunctuur-Onderzoek, Een Nieuwe Richtlijn Voor Conjunctuur-Politiek”, published in 1930 
in De Economist and in which Hamburger suggested to apply Van Der Pol’s relaxation 
oscillations to economic cycles (Frisch 1930). In his letter to Hamburger, Frisch is extremely 
enlightening on the potential application of Van Der Pol’s idea for his research:  
“I can see that your approach to the economic cycle problem looks very promising. In 
my own attack on this problem I have also been very definitely under the impression 
that the conception of rigorous harmonic components must be given up. The way in 
which I have tried to do so is outlined in my paper “Changing harmonics and other 
general types of components in empirical series” [published in 1928]. You will see that 
my approach to the change in the components is purely empirical. In this respect your 
approach, built on Dr. Van der Pol’s idea, is more powerful, it seems to me, since it 
introduces some rationality into the explanation of the change. I want very much to take 
this idea up through a closer study and try to combine it with my own idea of a “moving 
contact approximation”. It seems to me that such a combination ought to furnish a very 
powerful method” (Frisch 1930). 
Frisch was in particularly impressed by the mathematical (i.e. rational) approach suggested by 
Hamburger. He asked him to send a copy of his paper (Frisch 1930). Unfortunately, Hamburger 
hadn’t more copies, so he answered that “it will be a pleasure for me to send you – who early 
conceived the necessity of giving up the conception of rigorous harmonic components – a copy 
of a French paper on this topic which will appear within a few months” (Hamburger 1930b)11. 
 
10 Because there are several mistakes about this author, and because to date he remains mysterious for historians 
of economic thought, we provide a short biography, based on our own original research, in the Appendix. 
11 Frisch received the paper before it was published, because Hamburger mentioned page 29 some information 
Frisch wrote him in the first letter. Moreover, by opposition to his article published in 1930, Hamburger added 
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He also sent to Frisch the references of his other economic publications. Frisch probably 
expected a mathematical model, but he was disappointed, because Hamburger didn’t develop a 
mathematical model. He expressed this disappointment to Divisia in May 1932 when Divisia 
mentioned Hamburger’s work to Frisch for the first time. To the question if he knew 
Hamburger’s work (Divisia 1932), Frisch answered with negative terms: 
“With regard to Humberger [sic] – I don’t think that he will be able to give us anything 
particularly interesting. You remember of course that he wrote a paper some time ago 
on van der Pol’s Theory of Oscillations. That paper itself seemed promising but nothing 
more seems to have come from him, so on the whole, I am a little bit disappointed with 
him” (Frisch 1932a).  
He consequently convinced Divisia to not including Hamburger in the program of the second 
meeting of the econometric society “except as [a paper] to be read by title” (Frisch 1932b)! This 
correspondence also explains why Frisch didn’t invite Hamburger at the first Econometric 
Society meeting which held in 22-24 September 1931 in Lausanne12. However, it is worth 
mentioning that Frisch investigated relaxation oscillations seriously since he received 
Hamburger’s article. Indeed, Louça (2001, 32) pointed out that, in his correspondence with 
Schumpeter in June 1931, Frisch had already integrated self-maintained oscillations into his 
analysis. 
Frisch had a second opportunity to be in touch with the application of Van Der Pol’s 
relaxation oscillations to economic cycles. At the Lausanne meeting, Philippe Le Corbeiller 
presented the most recent development of theory of oscillations and mentioned that self-
sustaining oscillations can be extended to economic cycles, and particularly Van Der Pol’s 
relaxation oscillations (Le Corbeiller 1933, 329). However, Le Corbeiller didn’t provide any 
mathematical details; he referred to the publication of the lectures he gave at the Conservatoire 
National des Arts et Métiers (CNAM) on May 6 and 7 1931, few months before the Lausanne 
meeting13. This point is crucial. Indeed, in the lectures he gave at the CNAM, Le Corbeiller 
didn’t mention any application to economics, even if he already knew Hamburger’s work14. 
Why did Le Corbeiller, who was not interested in economics, give a presentation at the 
Lausanne meeting? We found the reason in Frisch’s correspondence. In his letter of 20th August 
1931, Frisch suggested to Divisia to “invite whomever you wish to attend” (Frisch 1931c). 
Therefore, Divisia invited his friend Le Corbeiller15 that he considered as a “pure 
mathematician” (Divisia 1931a):  
“From your program [you submitted to me,] I could add the following question which 
relates directly to the question of the absence of equilibrium: A new type of oscillation 
mathematics: the relaxation oscillation. It’s an oscillation obtained by a succession of 
unstable equilibrium breakdowns; (…)  do you think it's a topic that merits a separate 
paper that could be given by a mathematician friend of mine?” (Divisia 1931a). 
 
several references to economic works, like Schumpeter, Wicksell, etc. Hamburger (1931, 30) also claimed that the 
exogeneous causes of the oscillations (which he called accidental events) cannot be regular. 
12 Bjerkholt (2015) details the organization of this meeting. 
13 Those conferences were published the same year by Hermann et Cie: “Les systèmes auto-entretenus et les 
oscillations de relaxation” (“Self-sustained systems and relaxation oscillations”). 
14 When Van Der Pol gave his lectures in March 10 & 11, 1930 at the École supérieure d’électricité, during which 
he mentioned Hamburger’s work, Le Corbeiller was Van Der Pol’s assistant and helped him for the preparation of 
his lectures. This information solves Venkatachalam and Velupillai’s (2012, 62) interrogation about how Le 
Corbeiller may have heard about Hamburger. 
15 Divisia and Le Corbeiller, who were friends (Divisia 1931b), studied in the École Polytechnique at the same 
time. It was also Divisia who suggested to invite Le Corbeiller to the second meeting of the society (Divisia 1932).  
Unfortunately, Frisch’s letters to Divisia for the month of September 1931 are not in the archives, so it is not 
possible to know how Frisch reacted to this suggestion. 
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Bjerkholt (2015, 1163) argued that the Lausanne meeting played an important step in the 
gestation of Frisch’s PPIP model because “in the discussion of Corbeiller’s advanced 
mathematical approach, Frisch elaborated on his exchanges with Schumpeter on mechanical 
models for cycles and presented [orally] an early version of the impulse-propagation model”. 
However, it is worth noting that, contrary to what Bjerkholt’s sentence suggests, Corbeiller 
didn’t provide any mathematical model in his presentation. Frisch was disappointed by such a 
lack, as testimonies his comment to Divisia few months later. Indeed, in June 1932, Divisia 
suggested to invited Le Corbeiller at the second meeting of the econometric society, “because 
he will be able to share with us some new ideas compared to last year’s ideas on the theory of 
oscillations”(Divisia 1932). Frisch answered:  
“I think it would be exceedingly interesting if Corbeiller could tell us something more 
about the oscillations he spoke about at the Lausanne meeting. This time I think he ought 
to go into the matter with more detail, not being afraid of making the paper a 
mathematical and technical one. If he could indicate those aspects of the problem that 
would be of importance so far as the statistical treatment of our economic problem is 
concerned – so much the better” (Frisch 1932a).  
Frisch’s regrets were totally justified, because, and by opposition to Venkatachalam and 
Velupillai’s (2012, 62) interpretation, Le Corbeiller was not interested in the applications of 
relaxation oscillations to economic cycles before the Lausanne meeting, nor even afterwards. 
In fact, Le Corbeiller never developed any mathematical application of Van Der Pol’s 
oscillation theory to economics. His major contribution to economic cycles was his help to 
Richard Goodwin, enabling him to make the first use of the concepts of relaxation oscillations 
and limit cycle in economy (Goodwin 1951)16. Therefore, here again, Frisch could not have 
access to any mathematical application of the self-maintained oscillations to the business cycle. 
Nevertheless, it is clear that Frisch tried to investigate this avenue between the time he sent his 
letter to Hamburger and the time he published his article. As he explained to Schumpeter in his 
letter of July 5, 1931: 
“You say that you are not satisfied with my classification of the innovations as 
disturbances (part of the impulse problem) […]. Before I received your last letter (of 
June 24) I had started again pondering over your point of view, and I began to see clearer 
why you would not capitulate entirely to my pendulum […]. In fact, about two weeks 
ago […] my thought got starte[d] along the following mechanical analogy […]. It was 
on such a mathematical analysis I was engaged when your letter of June 24 arrived” 
(Frisch 1931e). 
Frisch continued his mathematical investigations after his exchanges with Schumpeter. When 
he was in Paris for his lectures at the Poincaré Institute at the University of Paris between March 
24 and April 5, 1933, Frisch requested some help to Le Corbeiller for understating the 
application of Van der Pol’s ideas to business cycles. Unfortunately, the letters don’t exist 
anymore, so we cannot evaluate this help. The only trace we have is a letter in which Frisch 
thanked Le Corbeiller: “It was indeed very kind of you to state with all the details the various 
cases of oscillatory systems. These indications will no doubt be very helpful to me” (Frisch 
1933a). In the same letter, Frisch exposed the state of his analysis for a paper he was writing 
for “Econometrica”17. This letter suggests that Le Corbeiller still provided a general 
 
16 During the Second World war, when he was in Harvard, Goodwing taught physics. It was during this period that 
he met Le Corbeiller in his office and asked him “whether he would teach [him] the theory of nonlinear dynamics. 
He, then, literally took [him] “by the hand” and taught [him] nonlinear dynamics” (Velupillai 2017, fn. 4). See 
also Goodwin (1951, 2), Velupillai (1998) and Venkatachalam and Velupillai (2012). 
Let’s us remind that he concept of limit cycle has been introduced by Henri Poincaré in 1882 to characterize the 
periodic solution of a maintained oscillator (Henri Poincaré 1882). See Ginoux (2017). 
17 According to Louçã (2007, 160) “The paper for Econometrica turned out to be PPIP, although these points are 
not developed in the final version”. 
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presentation on the various cases of oscillatory systems, but any mathematical model applied 
to business cycles (we guess that Frisch would have mentioned it otherwise). 
To sum up, Frisch knew the relaxation oscillations when he was working on his PPIP 
model, but he didn’t follow this path, except his mentions in the sixth section of his article in 
which he proposed a mechanical analogy that would have led him to discover Lorenz’s water 
wheel model almost 40 years before him (Jovanovic and Ginoux 2020). The fact that Frisch 
(1933b, 171) started his article by a reference to free oscillations (“The majority of the economic 
oscillations (…) seem to be explained most plausibly as free oscillations”) shows that he 
definitively rejects this first approach.  
The second approach that existed at this time for maintaining oscillations in a system 
was the forced oscillations. It seems that Frisch mentioned for the first time the application of 
forced oscillations to economic cycle in his review of Åkerman’s doctoral dissertation defended 
in November 192818. He presented his conception of free and forced oscillations, as well as 
Impulse problems and propagation problems with a free oscillation. Frisch was the official 
examiner of Åkerman’s doctoral dissertation, and his review was only published three years 
later, in 193119. In his review, Frisch (1931 [2005], 140-141) referred to “free oscillations” and 
“forced oscillations”, explaining that “when attacking the problem of business cycles, one has 
to decide whether to consider it has a problem of free or a problem of forced oscillations (…). 
I personally believe the theory of business cycles by and large needs to be one of the free 
oscillations”. He also argued that Åkerman had wrongly replaced Wicksell’s free oscillations 
with forced ones. However, we didn’t find this distinction in Åkerman (1928). Consequently, 
it was Frisch who introduced this specific reading of Åkerman’s work. The same year he 
published his review, Frisch presented his conception of oscillations as well as his impulse 
problems and propagation problems at the Nordic meeting of economists that took place in 
Stockholm in June 1931 (Frisch 1931b)20. His presentation of oscillations is extremely closed 
to those in his review of Åkerman’s dissertation.  
Based on these observations, it seems that Frisch started mentioning the application of 
the free and forced oscillations to economic cycles in 1931; after his correspondence with 
Hamburger in May 1930. Bjerkholt (2007, 457) explained that “we can trace back to 1927 major 
ideas underlying the propagation-impulse model, mostly from his own time series studies but 
with Slutsky’s striking result as an additional influence”. The influence of Slutsky is 
unquestionable and well documented. However, Bjerkholt’s assertion seems incomplete. In 
1927 Frisch only received the Russian version with a short summary in English, and Frisch 
didn’t read Russian, however he could read its mathematics. It is only in 1932 that Frisch 
received an English translation (Louçã 2007, 84). Moreover, Slutsky didn’t refer to free and 
forced oscillations. Finally, it is worth mentioning that the invitation from the Institut Henri 
Poincaré was done on November 1931 by Darmois (1931) two months after the Lausanne 
meeting. When Frisch accepted the invitation, he suggested to give lectures that were nothing 
related to oscillations (Frisch 1931d). His preliminary program suggests that there was a 
significant evolution in Frisch’s approach between May 1930, when he received Hamburger’s 
 
18 “In his unpublished 1927 essay on time series [Frisch] did not use the distinction between free and forced 
oscillations” (Boianovsky and Trautwein 2007, 497, fn. 8). 
19 Åkerman’s doctoral dissertation had indeed an important influence on Frisch’s ideas. “It is most likely that 
Frisch became comprehensively acquainted with Wicksell's ‘rocking horse’ example” (Velupillai 1992, 60). 
Moreover, while Frisch claimed that he borrowed the term “rocking horse” from Wicksell, he confessed in a letter 
that he didn’t read Wicksell’s publication he cited and he got this reference to the “rocking horse” from an oral 
conversation with Åkerman (Boianovsky and Trautwein 2007, 497, fn 9). See also Dupont-Kieffer (2003, 103). 
20 This conference attended Scandinavian economists, and “Frisch presented the application of his econometric 
research program to the analysis of business cycles” (Dupont-Kieffer 2003, 91).  
See also Dupont-Kieffer (2012) who presented the evolution of Frisch’s ideas between 1927 and 1933, 
particularly on some origins of the distinction between free and forced oscillations in Frisch’s analysis. 
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paper, and his lectures at the Institute Henri Poincaré in March and April 1933. It was precisely 
during this period that Frisch was working on his PPIP’s paper! More precisely, “while 
preparing the Poincaré lectures Frisch was in December 1932 invited to contribute to a 
festschrift to celebrate the 70th of birthday of Gustav Cassel” (Bjerkholt 2007, 473). It was also 
during this period that Frisch received the English translation of Slutsky’s article. 
In his comment of Åkerman’s doctoral dissertation, Frisch indirectly considers how we 
can maintain damped oscillations (i.e. “free oscillations” in Frisch terminology). In this case, 
we explain that they can be “forced” by an exogeneous force:  
“When attacking the problem of business cycles, one has to decide whether to consider 
it as a problem of free or a problem of forced oscillations…  
when it comes to free oscillations one has to be aware that there are two kinds of 
phenomena which need to be clearly differentiated. The first may be classified as 
impulse phenomena, the other as a kind of propagation phenomena. Impulse phenomena 
represent a disruption of the equilibrium. It is this disruption that provides the external 
force needed to stop the movement from dying out. Impulse phenomena do not 
necessarily occur on a regular basis; they can be more or less sporadic. The fact that 
they occur at all is in itself sufficient for explaining what keeps the movement going. 
Impulse phenomena are thus connected to a certain external factor. Propagation 
phenomena, on the other hand, are connected to the inner structure of the oscillating 
system, and it is these phenomena, not the impulse phenomena, which explain why, 
when the system is put in action, it is a periodic one. (…) Wicksell’s shock theory also 
corresponds with Schumpeter’s emphasis on the occurrence of new combinations as the 
driving force behind business cycles. The shock theory offers a natural explanation of 
impulse phenomena, but says nothing about the propagation phenomena.” (Frisch 1931 
[2005], 140-141).  
Finally, Frisch exposed the two-step program he will follow in the PPIP article: 
“In order to see the more or less irregular shocks in the economie development as 
generating phenomena in business cycles, one clearly needs to regard the behaviour of 
the cycles as free oscillations. Only then is it possible to explain how irregular 
phenomena may generate a movement that is practically rhythmic. (Frisch 1931 [2005], 
142). 
So Frisch aimed to develop a damped oscillation system and then to apply exogenous erratic 
shocks, thanks to Slutsky mathematical argument, in order to connect with the theory he 
attributed to Wicksell and Schumpeter. However, Frisch’s presentation doesn’t help to see the 
originality of his model at his time. 
To emphasize Frisch’s new conception of maintained oscillations, we can use the 
metaphor of the swing for children. In the first case, let’s suppose that the child is alone. To 
swing he has to stand on tiptoe far from the vertical stable position. Then, he starts swinging. 
Nevertheless, since the swing is damped because of air resistance and friction, after a while 
(cycle) the swing stops. This is exactly the case of damped oscillations studied by Frisch 
(1933b) in the fourth section of his paper for solving the propagation problem. Of course, if we 
have neither air resistance nor friction, we would have free oscillations (also called harmonic 
oscillations), a term used by Frisch in a different way as we clarified in section 2. In the second 
case, the child is still alone but he wants the swinging to be maintained. To this aim he moves 
his feet forward and backward when the swing reaches its maximal amplitude position. This is 
the case of self-maintained or self-sustained oscillations including the famous ‘relaxation 
oscillations’ of Van der Pol. Frisch (1933b) didn’t follow this path with his PPIP; he mentioned 
such oscillations in the sixth section of his paper as an alternative to the introduction of external 
random shocks, but as we explained in section 2, Frisch’s description is not complete enough. 
In the third case, the child is with his father who pushes him in order to keep him swinging. 
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This is a system with forced oscillations if the father keeps the boy swinging at a constant 
amplitude (impulses). For doing this, the father supplies continuously the same energy at the 
same frequency to compensate the loss. This case is not considered by Frisch (1933b). Finally, 
Frisch preferred to create a new kind of (forced) oscillations which, to our knowledge, didn’t 
exist before. In this fourth case, the child is with his father who pushes him in order to keep him 
swinging, but the father doesn’t keep the boy swinging at a constant amplitude. For doing this, 
rather than supplying continuously the same energy to compensate the loss and maintain the 
same oscillations, the father supplies energy with a random intensity and a random period. In 
this case, the system has forced oscillations that has the oscillations but with erratic amplitude 
and periodicity. This case is that Frisch investigated in 1933 for solving the impulse and 
propagation problems. This path allowed his model to fit with the irregular cycles observed at 
this time; it allows Frisch to make the cycle dependent on the initial conditions and not on a 
regular forcing mechanism. 
 
6. Concluding comments 
This article has revisited Zambelli’s puzzle and finally solved it: Frisch’s rocking horse model 
does rock! However, we have shown that the terminology used by Frisch, which is not always 
the terminology currently used, may have created some confusions in the interpretation of his 
contribution. This article has clarified several misinterpretations and helped to better understand 
Frisch’s contribution. In this perspective, we have clearly explained that Frisch created a new 
kind of oscillations (forced oscillation system with an erratic amplitude and frequency external 
force) that allowed him to model the irregularity in business cycles. 
 
Appendix – Biographical elements on Ludwig Hamburger 
Dr. Ir. Ludwig (or Lodewijk) Hamburger (1890-1968) was born in Amsterdam on December 
12, 1890, and he died in Menlo Park (California, USA) on January 196821. So, by opposition to 
what Venkatachalam and Velupillai (2012, 59) claimed (“Hamburger’s imaginative and 
original line of economic research was sadly terminated by the tragedy of the holocaust”), the 
reason why Hamburger didn’t continue his work in economics has nothing to do with his death. 
In fact, he was a chemical engineer and entrepreneur who published several articles and books, 
including in economics. However, despite his interest in economic crises and price fluctuations, 
he was neither an economist nor an academic.  
In 1912, since he graduated as a chemistry engineer, he joined the Philips’ Light Bulb 
Factories as first research engineer (the first patent of the Philip’s Light Bulb Factories was on 
his name and those of Ir. D. Lely Jr.) (Japikse 1938, 596). Gerard Philips was his assistant 
(Heerding 1989, 306-7). In 1917, he defended his doctorate thesis in Chemistry and chemical 
engineering on “Light emission of gases and mixtures of gases in electrical discharges” (Over 
licht-emissie door gassen en mengsels van gassen bij electrische ontladingen). Then, he left 
Philip’s Factories and became leader of a syndicate for the preparation of chemical products in 
Schiedam22. 
Between 1925 and 1932 Ludwig devoted himself mainly to scientific research in 
chemistry and physics, and also in economics. During this period, he published several 
academic articles and book on business cycles and price volatility. Hamburger seems to be the 
first authors who suggested to apply Van Der Pol’s relaxation oscillations to economic cycles 
and crises (1930a, 1). He suggested this possibility for the first time in May 7, 1928 during a 
lecture Van Der Pol gave with J. van der Mark at a meeting of the Batavian Society of Logic 
Empirical Philosophy (Bataafsch Genootschap voor Proefondervindelijke Wijsbegeerte) 
(Hamburger 1934, 112). On this occasion, in order to illustrate his proposition, he used Van der 
 
21 http://www.hoornstra.org/family/Some%20Family%20Cards/wc01/wc01_031.htm. 
22 Van Der Pol joined Philip’s Factories few years after Hamburger left. 
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Pol’s example (Van Der Pol 1930) to which he added a draw (Ginoux 2017, section 8.2.9). 
During his lectures at the École supérieure d’électricité in Paris in March 10 & 11, 1930, Van 
Der Pol acknowledged “the very important work of Dr. L. Hamburger” (Van Der Pol 1930, 
311-2). And he added “we have already noted on several occasions that it is a characteristic of 
relaxation oscillations that their frequency can easily be influenced, but not their amplitude. Dr. 
Hamburger also found in discussing published statistical work on business cycles that the 
amplitudes of fluctuations (corrected for their long-run variations) are much more constant than 
the periods themselves. He concluded: “I believe that the mere conception of business cycles 
as relaxation oscillations can provide a rational and sufficient basis for an explanation of these 
important phenomena”” (Van Der Pol 1930, 312). 
Hamburger also published a first book on price volatility in 1929 and a second book in 
1933 on the Economic foundations. He also published several other articles on economic 
fluctuations (see the list thereafter). Venkatachalam and Velupillai (2012, 60) mentioned that 
Hamburger’s work didn’t really circulated among economists, the only reference in the 
mainstream economic literature would be the one by Tinbergen (Tinbergen, 1935, p. 288, 
footnote 71). It is only partially true, because his work was known by French statisticians and 
engineers interested by business cycles, in particular Lucien March who invited Hamburger to 
publish his study in French23. His work also circulated during the 1930s among French 
academics like Divisia and students like Chait (1937 [1938]). His works were also mentioned 
in several economic journals like the Journal of the Royal Statistical Society (1929, vol. 92 n. 
4: 614) or the Zeitschrift für Nationalökonomie / Journal of Economics. In the later, the reviewer 
wrote “The well-known Dutch mathematical statistician and national economist Dr. Hamburger 
(…) the two books, which are not easy to read linguistically, offer a number of suggestions, but 
can only be recommended to readers who are reasonably familiar with the methods of modern 
price statistics and the more recent national economic theory” (Tintner 1934, 111-112). 
In 1932, after these seven years mainly dedicated to mainly to scientific research, he 
established himself as advanced engineer in The Hague by founding the N. V. 
Stikstofbindingsindustrie (N. V. Nitrogen bonding industry). He worked as managing director 
of his company. His research laboratory enables him to continue to work in the chemical field 
both scientifically and practically, but economics was not his priority anymore. 
He moved in the United States with his family due to the war where he died in 1968. 
 
 
23 March played an important role in the development of business cycle analysis in France (Jovanovic and Le Gall 
2001; Le Gall 2007).  
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Source: Japikse (1938, 596). 
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Hamburger, L. (1925). “On the Possibility of Price Forecasting in Normal and in Abnormal 
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conjunctuur-politiek” [A new mode of attack in the field of business cyclical research]. 
De Economist 79: 1–39.  
Hamburger, L. (1931) “Analogie des fluctuations économiques et des oscillations de 
relaxation”.  Institut de Statistique de l’Université de Paris. Supplément aux Indices du 
Mouvement des Affaires, 9 (Janvier): 1-35. 
Hamburger, L. (1932) “Remarks on the Agricultural crisis as an element of the general 
economic depression”. Proceedings of the Netherlands Society for Social Economy and 
Statistics: 113-126. 
Hamburger, L. (1934) “Note on Economic Cycles and Relaxation-Oscillations”.  Econometrica 
2 (1): 112. 
Hamburger, L. (1934) “Enkele indices aangaande de technische ontwikkeling langs nieuwe 
wegen in de voornaamste industrieele landen” [Some indices on technical development 
along new routes in the main industrial countries]. De Economist 83: 873–894. 
 
Books in economics 
Hamburger, L. (1924) Over de mogelijkheid eener voorspelling van het beloop van prijzen in 
zoogenaamde onberekenbare tijden [About the possibility of a more accurate prediction 
of the course of prices in so-called unpredictable times]. ’s-Gravenhage [The Hague]; 
Belinfante. 
Hamburger, L. (1929). The variability of prices (vol. 1). The Hague. 
Hamburger, L. (1929) De Veranderlijkheid van Prijzen. Eerste Deel: Karakteristieke 
Prijsbetrekkingen in den Groothandel van een economisch Krachtig Land in de 
Twintigste Eeuw [The Variability of Prices. First Part: Characteristic Price Relations in 
the Wholesale Trade of an Economically Powerful Country in the Twentieth Century]. ’s-
Gravenhage [The Hague]. 
Hamburger, L. (1929) The Variability of Prices. Second Volume, Part A: Recent International 
Purchasing Power Disparities in the Field of Wholesale Pricing; The Hague. 
Hamburger, L. (1929) De veranderlijkheid van prijzen : proeve van economischen "research"-
arbeid aangaande variateis in prijs-verhoudingen / D. 1 Karakteristieke prijsbetrekkingen 
in den groothandel van den economisch krachtig land in de twintigste eeuw [The 
variability of prices : test of economic and "research" work on variability in price ratios / 
 
24 We didn’t have access to some of these publications, in particular the articles in the Proceedings of the 
Netherlands Society for Social Economy and Statistics, consequently we use the titles provided by Hamburger in 
his correspondence with Frisch. 
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D. 1 Characteristic price relations in the wholesale trade of the economically powerful 
country in the twentieth century]. ’s-Gravenhage [The Hague]. 
Hamburger, L. (1933) Economische grondslagen en richtlijnen vanuit een 
natuurwetenschappelijk standpunt beschouwd [Economic foundations and guidelines 
considered from a scientific point of view]. ’s-Gravenhage [The Hague].  
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